that w(n, n) (1 − o(1)) 2 n−1 en , and Berlekamp [2] proved w(p + 1, p + 1) p2 p for prime p. The two lower bounds are very close, but the proofs are completely different. This may suggest that the lower bounds are much closer to the truth than the known upper bounds.
For the van der Waerden function w (3, n) , it is known that n 2−1/ log log n w(3, n) n
The upper bound is due to Bourgain [3] , and the lower bound is a special case of that of Brown, Landman and Robertson [4] who proved that
for fixed m 3 and large n. It is suggested that w(3, n) might be bounded from above by some polynomial on n (perhaps even a quadratic!); see [4, 7] . It would be very interesting to see whether or not the van der Waerden function w(m, n) behaves similarly to the graph Ramsey function r(m, n). We will prove the following result. 
The proof
Brown, Landman and Robertson [4] proved (1) by the Lovász local lemma [5] , in which they used the symmetric form of the lemma by elegantly balancing the probabilities of monochromatic m-AP 
The following form of the local lemma given by Spencer is slightly more convenient for some applications, in which y i = x i / Pr( A i ). Hence, each A event is mutually independent of all but at most m 2 N/(m − 1) other A events and mutually independent of all but at most mnN/(n − 1) of the B events; each B event is mutually independent of all but at most mnN/(m − 1) of the A events and mutually independent of all but at most n 2 N/(n − 1) other B events.
We will prove that the hypotheses of Corollary 1 are satisfied. To do this, we will show the existence of positive a and b such that ap m < 1 and bq n < 1, and the following inequalities hold: 
We shall choose N, p, b and a in order by
It is easy to verify that (1 − p) n ∼ e −np as n → ∞ and
Thus from the fact that log(nN) ∼ m log n we have
As bq n → 0 and log(1 + x) ∼ x for x → 0, the second term in the right-hand side of (3) (m − 1) m+1 log n.
which is valid from the equivalence to (4). We then verify inequality (2), which should hold as the proportion of the right-hand sides in (2) and (3) is m/n and we have chosen a = b m/n . In details, the second term in the right-hand side of (2) for fixed m.
